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The finite momentum transfer (q) longitudinal optical response σL(q, ω) of graphene has a peak
at an energy ω = ~vF q. This corresponds directly to a quasiparticle peak in the spectral density
at momentum relative to the Fermi momentum kF − q. Inclusion of coupling to a phonon mode
at ωE results, for ω < |ωE |, in an electron-phonon renormalization of the bare bands by a mass
enhancement factor (1+λ) and this is followed by a phonon kink for ω around ωE where additional
broadening begins. Here we study the corresponding changes in the optical quasiparticle peaks which
we find continues to track directly the renormalized quasiparticle energies until q is large enough
that the optical transitions begin to sample the phonon kink region of the dispersion curves where
linearity in momentum and the correspondence to a single quasiparticle energy are lost. Nevertheless
there remains in σL(q, ω) features analogous to the phonon kinks of the dispersion curves which are
observable through variation of q and ω.
PACS numbers: 78.67.Wj,71.38.Cn,78.66.Tr
Important information on the charge dynamics of the
Dirac fermions in graphene is obtained in optical absorp-
tion experiments. Results are reviewed by Orlita and
Potemski.1 For bare bands the real part of the zero mo-
mentum limit optical conductivity, σ(q = 0, ω), has a
Drude peak around ω = 0 which has its origin in the
intraband optical transitions. There is also an additional
piece due to the interband transitions with onset at twice
the chemical potential which provides a constant univer-
sal background of value σ0 = πe
2/2h.2–4 While in the
clean limit the Pauli blocked region between the Drude
and the universal background would have essentially no
conductivity, experimental work5 has found instead a
value of order σ0/3. This observation can be partially
explained6–9 due to impurities, electron-phonon inter-
actions and/or coulomb correlations, although its pre-
cise origin remains controversial. In conventional met-
als the electron-phonon interaction is known to renor-
malize many of their properties.10 It leads to incoher-
ent phonon-assisted Holstein side bands11 in addition to
the main coherent Drude response with optical spectral
weight now being distributed between these two parts.
The effect on the Drude weight can be expressed in terms
of the electron phonon mass renormalization parame-
ter, λ. The Drude weight is reduced with a multiplica-
tive factor of 1/(1 + λ) while the remaining λ/(1 + λ)
is transferred to the sideband due to the new absorp-
tion processes in which a phonon is created by a photon
along with a hole-particle pair. In graphene, electron-
phonon effects have been seen12 in the electronic density
of states (DOS), N(ω), measured in scanning tunnelling
spectroscopy (STS). These observations are expected
in systems where the DOS is energy dependent.13–16
Phonon ‘kinks’ have also been seen in angle-resolved
photoemission spectroscopy (ARPES)17,18 as predicted
theoretically.19–22 Recently, near-field optical techniques
have been used to obtain information on the finite mo-
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FIG. 1. (Color online) The real part of the finite momentum
longitudinal optical conductivity, σL(q, ω)/σ0 as a function
of ω/µ0 for a selection of values of q/kF from 0.0 → 0.9 (as
defined in legend). These include an electron-phonon inter-
action with λ ≈ 0.18 for a single optical phonon mode at
ωE = 200 meV (shown by vertical dashed line), where here
µ0 = 1 eV, A = 0.08 eV, Wc = 7.0 eV and include a residual
scattering η = 0.005µ0 . Inset: −ImΣ
EPI(ω)/µ0 as in Eq. (4)
for parameters in the main frame.
mentum conductivity23–26 rather than the standard long
wavelength, q → 0, limit. This has allowed for nano-
imaging23–25 of the graphene plasmons and could in prin-
ciple be employed to get information on plasmarons26 a
scattering resonance of an electron and a plasmon.27 In
this paper we show how σ(q, ω) can provide information
on electron-phonon renormalization effects complemen-
tary to ARPES and STM.
The Kubo formula for the real part of the finite mo-
mentum optical conductivity is approximated by the sim-
plest bubble diagram which is not exact since it neglects
2vertex corrections. This includes interactions through a
self energy and is given by
σ(q, ω)
σ0
=
8
ω
0∫
−ω
dω′
×
∫
d2k
2π
∑
s,s′=±
Fss′ (φ)A
s(k, ω′)As
′
(k + q, ω′ + ω), (1)
where As(k, ω) is the spectral function of the Dirac
fermions. Cappelluti and Benfatto28 have studied the ef-
fect of vertex corrections on the conductivity of graphene
and found that, as is the case in conventional metals,
their main effect can be incorporated into our Eqn. (1) by
changing the scattering rate from its quasiparticle value
to an appropriate optical rate which contains an extra
factor of (1− cosβ) where β is the scattering angle. This
well known factor gives more weight to backward scatter-
ing and de-emphasises forward scattering. The overlap
factor, Fss′(φ), has the form Fss′ (φ) =
1
2
[1 + ss′ cosφ]
where φ is the sum of the angles of initial momentum, k,
and final momentum, k + q, with respect to the kx axis
(zigzag direction). Also, we define the angle α for q and
obtain
Fss′ (φ) =
1
2
[
1 + ss′
k cos(2θ) + q cos(θ + α)√
k2 + q2 + 2kq cos(θ − α)
]
. (2)
In this representation, θ is the angle over which k is inte-
grated in Eq. (1). The values of s and s′ are each either
+1 or −1 which represents the upper (+) and lower (-)
Dirac cones and for simplicity we will take the chemical
potential to fall in the upper cone, representing an elec-
tron doped sheet. In general the conductivity, σij(q, ω),
can be written as a linear combination of a longitudinal
part, σL(q, ω), and a transverse part, σT (q, ω).29 If we
select q = qxˆ, where α = 0 in our orientation, then one
would find that the conductivity along the x-direction,
σxx(q, ω), has only a contribution from the longitudinal
conductivity (ie. σxx(q, ω) = σ
L(q, ω)) while the conduc-
tivity along the y-axis, σyy(q, ω), has only a contribu-
tion from the transverse part (ie. σyy(q, ω) = σ
T (q, ω)).
Throughout this work, we are interested in examining
quasiparticle-like peaks which appear only in the longitu-
dinal part of the near-field optical spectra, and therefore
will limit our discussion to examining σL(q, ω).
Denoting the self energy by Σs(k, ω) the spectral func-
tion is
As(k, ω) =
1
π
|ImΣs(k, ω)|
[ω − ReΣs(k, ω)− ǫsk]
2 + [ImΣs(k, ω)]2
,
(3)
where ǫsk = svF k−µ with vF the Fermi velocity. The self
energy Σs(k, ω) can, in general, depend on band index
and momentum as well as on energy. Detailed calcula-
tions of the electron phonon interaction in graphene have
been presented by Park and co-workers30,31 who conclude
that a reasonable approximation to the complete calcu-
lations is to use a model of coupling to a single phonon
FIG. 2. (Color online) Schematic of doped Dirac bands.
An electron-phonon interaction renormalizes the Dirac bands,
changing the slope through the Dirac point and producing
kinks at ω = ±ωE where here, the Fermi level (ω = 0) is
illustrated by a change in color.
of energy ωE = 200 meV with no dependence on valley
index and momentum. Here we follow this suggestion. If
one were inclined, a distribution of phonon modes can be
created through an integration over ωE in Eq. 4 weighted
by the phonon density of states at each frequency, as has
been done previously.9,32 For an electron-phonon inter-
action (EPI) which includes coupling to a single phonon
at frequency ωE , the imaginary part of the self energy,
ΣEPI(ω), is given by
− ImΣEPI(ω,ωE) =

πA
Wc
|ω − ωE + µ0|, for ωE < ω < Wc − µ0 + ωE ,
πA
Wc
|ω + ωE + µ0|, for − ωE > ω > −Wc − µ0 − ωE,
(4)
from which the real part can be obtained through a
Kramers-Kronig transform. We use the notation set out
in Ref. 9 where more details can be found. In Eq. (4), A
is a constant that can be adjusted to get a desired value
of the mass enhancement parameter, λ, and Wc is a cut-
off on the bare band energies adjusted to get the correct
number of states in the Dirac approximation of two val-
leys in the Brillouin zone. By definition λ is obtained
from the small ω limit of the real part of Σ(ω). In this
limit, ReΣEPI(ω) = ReΣEPI(0)−λω where the constant
piece, ReΣEPI(0), shifts the chemical potential from its
bare to interacting value.
The real part of the longitudinal conductivity follows
by a numerical evaluation of Eq.( 1). Results are shown
in Fig. 1 for ten values of q/kF from 0.0 → 0.9. The
solid black curve is the well known6–9 q = 0 case and is
included here for comparison. There is a Drude piece at
3small ω which is followed by a boson assisted part that
sets in abruptly at ω = ωE. Here we have used a model
for the self energy which also includes a constant impu-
rity scattering term, η, in addition to the self energy from
the electron-phonon interaction. This constant scatter-
ing contributes no energy renormalization but broadens
the Drude component. The EPI however, reduces the
optical spectral weight of the coherent Drude part and
redistributes it in the phonon assisted part which corre-
spond to intraband absorption. At higher energies (not
shown here) there is additional absorption due to inter-
band optical transitions which in the bare band case start
abruptly at a frequency of twice the chemical potential.
With electron-phonon coupling these also spill into the
Pauli blocked region below 2µ. When q is finite we get
the series of curves labelled by the energy of the position
of the peaks in σL(q, ω). One might refer to these peaks
as quasiparticle peaks since their energies correspond ex-
actly to ǫ+kF−q in the bare band case.
Here for small values of q, the peaks in σ(q, ω) cor-
respond instead to the renormalized quasiparticle ener-
gies ǫ+(kF − q)/[1 + λ]. However, when q approaches
the phonon energy this simple renormalization ceases
to hold. The broadening of the curves increases above
ω = ωE . This indicates that a new channel for scatter-
ing has opened; in our case, phonon emission. In the
inset of Fig. 1, we plot the imaginary part of the self en-
ergy, which contains a sharp jump in scattering at the
phonon energy. Note that the Dirac point in the inset
occurs where the imaginary part of the EPI self energy
is zero, which comes from a zero in the electronic density
of states at this energy.
Fig. 2 illustrates in a schematic fashion the effect of the
electron-phonon interaction on the Dirac cone dispersion
relations. For the bare case, the Fermi velocity sets the
angular dimension of each cone. Interactions distort the
cones in two important ways. First of all, around the
Fermi level the bare Fermi velocity is renormalized to
a dressed value through a mass enhancement factor of
(1 + λ). As we move away from the Fermi energy this
simple law starts to break down and phonon structures
(referred to as ‘kinks’) develop at ω = ±ωE from the
Fermi energy, and are measured in ARPES experiments.
These features are shown in the inset of Fig. 3. The solid
red curve depicts the peaks in the phonon renormalized
spectral function which illustrates the kinks at ±ωE as
compared to the dashed black curve which is the bare
cone dispersion. In general the renormalized dispersion
curves are also broadened.
Here we want to know how the phonon ‘kinks’ in the
dressed dispersions manifest in the near field optics. This
is illustrated in the main frame of Fig. 3 where the ener-
gies of the peaks in the real part of the optical conductiv-
ity σ(q, ω) are traced as a function of momentum, kF −q,
and are shown as the solid black curve. These are to be
compared with the solid red curve based on the peaks
in the spectral density, A(k, ω) as a function of momen-
tum, relative to the Fermi level. The open circles with
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FIG. 3. (Color online) The peaks in σL(q, ω) plotted as a
function of kF − q coincide with peaks in the EPI renormal-
ized spectral function, A(k, ω), plotted as a function of k. For
comparison, the bare dispersion is shown by the dashed line,
while the green line with circles is the bare dispersion divided
by (1+λ) which is the slope of the EPI renormalized spectral
function (shown in red) at k = kF . The peaks in σ
L(q, ω)
sample the renormalized dispersion until near ω = −ωE. In-
set: A(k, ω) as in main frame but showing both positive and
negative frequencies.
FIG. 4. (Color online) Schematic showing the many optical
transitions from occupied states at energy ǫ = −q1 to unoccu-
pied states at ǫ = q2 that all contribute to σ
L(q, ω) at ω = q
when the dispersion curves are linear. The large degeneracy of
transitions gives a peak in the optical conductivity at ω = q.
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FIG. 5. (Color online) The real part of the finite momen-
tum optical conductivity, σL(q, ω)/σ0 as a function of ω/µ0
for a selection of values of q/kF . The dashed lines include
the electron-phonon interaction identically to Fig. 1 for q/kF
displayed in the legend, while the solid lines include only the
residual scattering of η = 0.005µ0 but for shifted q values
(marked near the peaks). The solid circles mark the analyt-
ical clean limit results, with an adjusted Fermi velocity to
obtain the same peak positions.
green curve represent a straight line having a Fermi ve-
locity renormalized by 1/(1+λ) as compared to the bare
dispersions shown as the dashed curve. Note that for en-
ergies a bit above the phonon energy at ωE the peaks in
the optical conductivity and in the single particle spectral
density of ARPES agree with each other and both fall on
the renormalized Dirac fermion energy ǫ+
k
/(1 + λ) (light
solid green curve). In Fig. 4 we show the transitions
which contribute to the optical conductivity at ω = q.
Because of the linearity of the Dirac dispersion curves,
all transitions with q1 + q2 = q contributed to the same
energy ω and this large degeneracy produces a peak at
ω = q in σL(q, ω). This only holds for linear dispersions.
Above ωE this simple relationship ceases to hold with
optics (solid black) roughly tracing the renormalized dis-
persion (green curve) while ARPES (solid red) is closer
to the bare dispersion (dashed). While the dressed quasi-
particle spectral peaks show a phonon kink at ω = ωE
there is no discernible structure in the optical conduc-
tivity at this energy. It is important to remember that
optics involves a joint density of states from an initial
occupied electron state to a final unoccupied one. While
many optical transitions correspond to a given energy it
is clear that transitions from a kink to a second kink have
a large weight and thus introduce structures into σL(q, ω)
for frequencies which fall in magnitude just below |2ωE|.
Very recently, Ashby and Carbotte33 have studied the
case of residual scattering alone and for small q values
have derived in first order an analytic formula which has
proved quite accurate. Here we have generalized their
work to include the electron-phonon interaction in the
regime where the renormalized quasiparticle energies are
well represented by the formula ǫ+k /(1 + λ). We obtain
σL(q, ω)
σ0
=
4µ0
π
2pi∫
0
dθ
2π
2 cos2(θ)(2η)
(2η)2 + [ω(1 + λ) + q cos θ]2
. (5)
To obtain this expression we have made an approxima-
tion by including only the coherent part of the Green’s
function, G(k, ω), where the standard ω is replaced by
ω(1 + λ). In the clean limit (η → 0) we get
σL(q, ω)
σ0
=
8µ0
π
(
ω
q¯
)2
1√
q¯2 − ω2
1
1 + λ
, (6)
with q¯ = q/(1 + λ). We see that the square root singu-
larity is at ω = q¯ rather than at q as in the bare band
case. Also the optical spectral weight under σL(q, ω) is
reduced by a factor of 1/(1 + λ) and is given by
∞∫
0
dω
σL(q, ω)
σ0
= 2µ0/(1 + λ). (7)
The missing optical spectral weight is transferred to a
phonon assisted Holstein side band described by the inco-
herent piece of the Green’s function. This band starts at
the phonon energy, ωE , as is seen most clearly in the first
two curves in Fig. 1 for q/kF= 0.0 and 0.08. For a finite
value of η, taking out the (1+λ) factor next to ω in Eq. (5)
will leave an overall multiplicative factor of 1/(1 + λ)
in addition to changing q to q¯. The scattering rate is
also renormalized in the same manner as η¯ = η/(1 + λ).
This result means that the electron-phonon interaction
reduces the effective residual scattering rate at low fre-
quencies. These scalings are all in agreement with pre-
vious work9 for the conventional case of q = 0 which
exhibits a Drude peak (intraband transitions) in the en-
ergy region below the onset of the interband transitions
which start at ω = 2µ0.
In Fig. 3 we concentrated on the energies of the renor-
malized peaks in the optical conductivity and their re-
lationship to peaks in the quasiparticle spectral density.
Both are due to the real part of the quasiparticle self en-
ergies. In Fig. 5 we illustrate the effect of interactions on
the broadening of the peaks which depends on the imag-
inary part of the self energy. For each of the four values
of q/kF we show 3 cases. The dashed lines include both
real and imaginary parts for the full self energy with cou-
pling to the phonon as well as to impurities (η). Open
circles are for the clean limit (no scattering) of Eq. (6)
but where the energies ǫ+k of the bare bands have been
shifted to peak at the same energy as the renormalized
bands (values labelled on individual peaks). We first note
that all of these curves have a rise as ω approaches q from
below, above which they drop sharply to zero. The peak
at ω = q in the solid lines, which include a small resid-
ual scattering rate of η = 0.005µ0, shows smearing which
results in a finite conductivity for ω just above q. When
the electron-phonon interaction is also included (dashed
5lines) this smearing of the spectral peak above ω = q is
further increased due to boson assisted processes. This
additional interaction, however, has little effect at ω = q
for small q as illustrated in the q/kF = 0 and 0.1 cases as
compared with the larger q = 0.5 and 0.9. For the small
q values there is no effect of the EPI in the region of the
peak, except to shift the frequency at which the peak oc-
curs by a factor of the EPI renormalization, (1 + λ). For
larger q values, the EPI causes a significant reduction in
the peak height and filling of the Pauli blocked region.
These effects are due to a finite imaginary part of the
electron-phonon self energy. While the quasiparticle self
energy has a sharp onset at ω = ωE , as shown in the in-
set of Fig. 1, its effect on σL(q, ω) is much more gradual
because many optical transitions (initial and final states)
are involved in the creation of a hole-particle pair as de-
picted in Fig. 4. If we restrict our discussion to scattering
processes in the vicinity of ω = q, then for q < ωE these
transitions will include initial and final states with ener-
gies always below ωE and therefore not sample the EPI
scattering rate. For q > ωE the transitions will begin to
sample states with energies both above and below |ωE |
and therefore have an averaging of EPI scattering rates.
To conclude, we have calculated the effect of electron-
phonon coupling on the finite momentum optical re-
sponse of graphene with the aim of getting a first under-
standing of how this interaction modifies the bare band
results. A Kubo formula is employed in the simplest bub-
ble approximation which neglects vertex corrections, but
includes electron-phonon renormalizations in the Dirac
fermion spectral density A(k, ω). In addition, there ap-
pears in the formula for the finite q conductivity an
important scattering factor, Fss′ (φ), which incorporates
chiral properties of the Dirac charge carriers associated
with initial and final electronic states. As such, this fac-
tor depends in a fundamental way on the direction of q
relative to the crystal lattice and direction of measure-
ment. The conductivity in the x-direction, σxx, can be
decomposed for a general direction of momentum q into a
linear combination of the longitudinal response for q scat-
tering which occurs along the zigzag direction (kx) and a
transverse part for q scattering along the armchair direc-
tion (ky). Here, a peak is identified in σ
L(q, ω) which is
directly related to the quasiparticle energy ǫ+(kF − q)
in the bare band case. The electron-phonon interac-
tion is found to shift the position of this peak in energy
and to broaden it. Nevertheless, for values of q small
enough that only optical transitions involving both ini-
tial and final states with energies well below the phonon
energy ωE enter, the peaks in σ
L(q, ω) still track perfectly
those in the electron spectral function A(k, ω) measured
in ARPES and both relate directly to the renormalized
quasiparticle energies ǫ+(kF−q)/(1+λ). However, as the
magnitude of q is increased, the quasiparticle dispersion
curve starts to deviate significantly from linearity and
exhibit a phonon kink. At this point quasiparticle and
optics begin to deviate from each other. For example,
optics shows no kink structure at ω = ωE . Instead the
phonon structure in σL(q, ω) is found to have shifted to
higher energies in the region of ω . 2ωE. In this energy
range, optical transitions involving a phonon kink in both
initial and final states become possible and this leads to
deviations of the optical spectrum from linearity in anal-
ogy to the phonon kinks at ωE found in the renormalized
Dirac fermion energies. In this case there is a contribu-
tion from other optical transitions which emphasize less
phonon structure and so the image of phonon is not as
sharp in optics as it is in ARPES. Finally, we found that
at higher energies, ω > ωE , the optical peaks continue to
track well the renormalized energies ǫ+(kF − q)/(1 + λ)
while the quasiparticle peaks move instead towards their
bare band values.
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